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PLAYING WITH SYMBOLS



The Box Game
Board:

■ The board consists of boxes.
■ The boxes contain symbols.
■ Some symbols are underlined.

Rules:

■ There are 2 colors, e.g., blue and red.
■ Task: assign a color to each symbol such that the underlined and non-underlined

occurrences of each symbol are colored differently.
■ You win the game if you find a coloring such that each box contains at least one symbol

in red.
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Example

♡ ♢ ♡ ♢ ♡ □ ♢ □
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Another Example

♡ ▷ ♡ ♢ □ ♢ ♡ □♠ □ ♢ ▷ ♢ □♠ ♢ ♠ ▷
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Another Example

♡ ▷ ♡ ♢ □ ♢ ♡ □♠ □ ♢ ▷ ♢ □♠ ♢ ♠ ▷

Observation 1: Box 1 contains ♡ and ♡.

→ Box 1 can safely be ignored:
♡ or ♡ will be assigned in color red.
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Observation 1: Box 1 contains ♡ and ♡.

→ Box 1 can safely be ignored:
♡ or ♡ will be assigned in color red.

Elimination of a tautology
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Another Example

♡ ▷ ♡ ♢ □ ♢ ♡ □♠ □ ♢ ▷ ♢ □♠ ♢ ♠ ▷

Observation 2: ▷ does not occur any more.

→ Symbol ▷ can safely be set to red.
(best choice for ▷)
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Observation 2: ▷ does not occur any more.

→ Symbol ▷ can safely be set to red.
(best choice for ▷)

Pure-Literal Rule
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Another Example

♡ ▷ ♡ ♢ □ ♢ ♡ □♠ □ ♢ ▷ ♢ □♠ ♢ ♠ ▷

Observation 3a: Box 2 contains only one symbol: ♢.

→ ♢ needs to be red,
otherwise the game is lost.
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Another Example

♡ ▷ ♡ ♦ □ ♦ ♡ □♠ □ ♢ ▷ ♦ □ ♠ ♢ ♠ ▷

Observation 3a: Box 2 contains only one symbol: ♢.

→ ♢ needs to be red,
otherwise the game is lost.

Unit Propagation
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Another Example
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Observation 3b: Box 3 contains only one symbol: □.
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Another Example
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Another Example

♡ ▷ ♡ ♦ ■ ♦ ♡ ■♠ □ ♢ ▷ ♦ ■ ♠ ♢ ♠ ▷

Observation 3c: Box 6 contains only one symbol: ♠.

→ ♠ must be red,
otherwise the game is lost
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Another Example

♡ ▷ ♡ ♦ ■ ♦ ♡ ■♠ □ ♢ ▷ ♦ ■ ♠ ♢ ♠ ▷

Observation 3c: Box 6 contains only one symbol: ♠.

→ ♠ must be red,
otherwise the game is lost

Unit Propagierung
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Another Example

♡ ▷ ♡ ♦ ■ ♦ ♡ ■♠ □ ♢ ▷ ♦ ■ ♠ ♢ ♠ ▷

We won!!!!

Information über die Struktur des Problems hat
uns beim Lösen geholfen!
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The Rubber-Boots Problem
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Encoding & Solution

Meaning of Symbols:

? yes no

rubber boots

shoes

sun
Rules:
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Encoding & Solution

Meaning of Symbols:

? yes no

rubber boots

shoes

sun
Rules:

⇒ Solution: Wear shoes!
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Another Example!

♡ ♢ ♡ ♢ ♡ ♢ ♡ ♢

■ r, ♦: Lost !
■ r, ♦: Lost !
■ r, ♦: Lost !
■ r, ♦: Lost !

There is no solution !!!!!!
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Number of Solution Candidates

■ 1 symbol, 2 possibilities
1. r

2. r

■ 2 symbols, 4 possibilities
1. r, ♦ 2. r, ♦
3. r, ♦ 4. r, ♦

■ 3 symbols, 8 possibilities
1. r, ♦, ■ 2. r, ♦, ■
3. r, ♦, ■ 4. r, ♦, ■
5. r, ♦, ■ 6. r, ♦, ■
7. r, ♦, ■ 8. r, ♦, ■

■ 4 symbols, 16 possibilities
. . .

n symbols

→

2n possibilities

 0

 200000
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Anzahl Symbole
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Now What?

■ Observation 1: If the game contains the empty box, there is no solution.

■ Observation 2: Also in this case there is no solution:

♡ ♡

■ Idea: Find a rule to safely derive the empty box.

♡ ♢ ♡ □

⇒ ♢ □
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Example

1: ♡ ♢ 2: ♡ ♢ 3: ♡ ♢ 4: ♡ ♢

1 + 2 ⇒ 5: ♢

3 + 4 ⇒ 6: ♢

5 + 6 ⇒ 7:
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Summary
Properties of the Box Game

1. Solutions are easy to check.
2. Finding solutions is hard.

Does this remind us of something????

Box Game: ♡ ♢ ♡ ♢ ♡ ♢ ♡ ♢

corresponds to

propositional formula: (¬a ∨ ¬b) ∧ (a ∨ ¬b) ∧ (¬a ∨ b) ∧ (a ∨ b)
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SAT SOLVING



Propositional Logic: Syntax and Semantics

Elements of a formula:

■ literal: variable or negated variable
■ clause: disjunction of literals
■ formula in CNF (conjunctive normal form): conjunction of clauses

Example

(¬u ∨ z) ∧ (y ∨ u ∨ ¬z) ∧ (x ∨ ¬u ∨ ¬z)

Semantics: A CNF formula is true under an assignment σ of the Boolean variables iff each
clause contains at least one literal that is true under σ.
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Core Technique I: Resolution
Proof system with two rules:

Clause Axiom

C (cl-init)

Resolution Rule
C1 ∨ p C2 ∨ p̄

C1 ∨ C2
(res)

■ in other words:
(¬p → C1) AND (p → C2) DERIVE C1 ∨ C2

■ resolution is sound and complete

J. A. Robinson. 1965. A Machine-Oriented Logic Based on the Resolution Principle. J. ACM 12(1), 23–41
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Resolution Example

We prove unsatisfiability of

(a∨b∨c)∧(a∨b∨¬c)∧(¬a∨b∨c)∧(¬a∨b∨¬c)∧(a∨¬b∨c)∧(a∨¬b∨¬c)∧(¬a∨¬b∨c)∧(¬a∨¬b∨¬c)

by resolution as follows:

ā ∨ b̄ ∨ c̄ ā ∨ b̄ ∨ c

ā ∨ b̄

ā ∨ b ∨ c̄ ā ∨ b ∨ c

ā ∨ b

ā

a ∨ b̄ ∨ c a ∨ b ∨ c

a ∨ c

c

a ∨ b̄ ∨ c̄

b̄ ∨ c̄a ∨ b ∨ c̄

a ∨ c̄

c̄

⊥
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Core Technique II: Boolean Constraint Propagation (BCP)

Let ϕ be a formula in CNF containing a unit clause C, i.e., ϕ has a clause C = (l) which
consists only of literal l. Then BCP (ϕ, l) is obtained from ϕ by
■ removing all clauses with l

■ removing all occurrences of l̄

■ BCP can trigger other applications of BCP
■ if BCP results in empty clause, then formula is unsatisfiable
■ if BCP produces the empty CNF, then formula satisfiable

14/26



Example BCP

ϕ = {(¬a ∨ b ∨ ¬c), (a ∨ b), (¬a ∨ ¬b), (a)}

1. ϕ′ = BCP (ϕ, a) = {(b ∨ ¬c), (¬b)}

2. ϕ′′ = BCP (ϕ′, ¬b) = {(¬c)}

3. ϕ′′ = BCP (ϕ′, c) = {} = ⊤
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Conflict-Driven Clause Learning (CDCL)
J. Marques-Silva, I. Lynce, S. Malik: Conflict-Driven Clause Learning SAT Solvers. Handbook of SAT 2021

CNF ϕ BCP Conflict? Decision

SAT

Backtrack Analysis UNSAT

ϕ′ NO

all variables
assigned

CL = ⊥CL , ⊥

σ′ ⊂ σ,
σ = σ′ YES

σ = σ ∪ {l}

16/26



Clause Learning by Example
Based on example by Armin Biere

c

a v b

a v blearn

a

b

b =

a =

c =

1

0

1 BCP

decision

decision

clauses

v b v ca

a v b v c

a v b v c

v c

a v b v c

a v b v c

a v b v c

a v b v c

ā ∨ b̄ ∨ c̄ ā ∨ b̄ ∨ c

ā ∨ b̄
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ā ∨ b ∨ c̄ ā ∨ b ∨ c
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ā

17/26



Clause Learning by Example
Based on example by Armin Biere
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ā ∨ b̄ ∨ c̄ ā ∨ b̄ ∨ c
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How to Ensure Correctness of SAT Solvers?

1. Carefull testing: incomplete

2. Verification of SAT Solver: not feasible in general

3. Check result by independent checker

CNF formula SAT Solver SAT/UNSAT
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How to Ensure Correctness of SAT Solvers?

1. Carefull testing: incomplete

2. Verification of SAT Solver: not feasible in general

3. Check result by independent checker

CNF formula SAT Solver SAT/UNSAT

Witness Checker Ok/Failure
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Witnesses

■ True formula: easy
Check if the assignment returned by SAT solver is a satisfying assignment.

■ False formula: not so easy, but doable
□ unsatisfiability proof (resolution, RUP, RAT, ...)
□ ideally, checking is polynomial in the proof size
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Features of Modern SAT Solvers
■ Well-defined interfaces

□ standard format DIMACS
□ API

■ Many options
□ carefully selected default configurations
□ highly configurable

■ Standardized proof logging
□ for sat and unsat formulas
□ efficient and verified checkers

■ Incremental solving

■ Parallel and distributed solving

■ Unsat core extraction

■ ...
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PRACTICAL APPLICATIONS OF
SYMBOLIC REASONING



Symbolic Techniques for Better Software and Hardware

■ Correctness checking
Does the implementation follow the
specification?

■ Equivalence checking
Does an optimization change the
behavior of the system?

■ Synthesis
Automatic generation of
implementation from specification

■ Test case generation
■ ...
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Solving Mathematical Problems

a2 + b2 = c2

M.Heule et al.: Solving and Verifying the Boolean Pythagorean

Triples Problem via Cube-and-Conquer. SAT 2016 22/26



Matrix Multiplication

(
A11 A12

A21 A22

)
×

(
B11 B12

B21 B22

)
=
(

C11 C12

C21 C22

)

Standard Matrix Multiplication

A11 ∗ B11 + A12 ∗ B21 = C11
A11 ∗ B12 + A12 ∗ B22 = C12
A21 ∗ B11 + A22 ∗ B21 = C21
A21 ∗ B12 + A22 ∗ B22 = C22

Fast Matrix Multiplication

(A11 + A22) ∗ (B11 + B22) = M1
(A21 + A22) ∗ B11 = M2
A11 ∗ (B12 − B22) = M3
A22 ∗ (B21 − B11) = M4
(A11 + A12) ∗ B22 = M5
(A21 − A11) ∗ (B11 + B12) = M6
(A12 − A22) ∗ (B21 + B22) = M7

M1 + M4 − M5 + M7 = C11
M3 + M5 = C12
M2 + M4 = C21
M1 − M2 + M3 + M6 = C22
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Improvements on Matrix Multiplication

24/26



Improvements on Matrix Multiplication

24/26



CONCLUSION



Conclusion
Summary

■ Symbolic reasoning technology is able to ...

□ ... handle theoretically hard problems

□ ... find solutions where exact answers are required

□ ... provide certified solutions

Challenges

■ Dealing with (continuous) data / incomplete information
■ Currently, deep expert knowledge is required to ...

□ ... find suitable encodings
□ ... build and tune efficient solvers

Here synergies with sub-symbolic techniques could be the solution.
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